The Proca wave equation describes a classical massive spin 1 particle. We analyze the gravitational interaction of this vector field. In particular, the spherically symmetric solutions of the Einstein-Proca coupled system are obtained numerically. Although at infinity the metric field approaches the usual Schwarzschild (Reissner-Nordström) limit, we demonstrate the absence of black hole type configurations.
I. INTRODUCTION
A massive vector meson (spin 1 particle with a non-trivial mass) is described by a oneform field which obeys the Proca wave equation [1] . Early development of the Proca theory was concerned with the classical and quantum electrodynamics of a massive photon.
However, strong experimental limits on photon's mass (see, e.g., [2] ) in combination with theoretical arguments based on the idea of gauge invariance (which ultimately led to the standard model of electroweak interactions) have closed the electrodynamical chapter in the history of this theory. A further discussion of the differences between the Proca and electromagnetic fields can be found in [3] .
At present, interest in the Proca field is twofold. Firstly, the Proca model presents a convenient theoretical "laboratory" for the study of Lagrangian and Hamiltonian theories with second class constraints [4] . Secondly, although it is irrelevant for the electrodynamics, a massive vector meson often appears in the spectra of many non-trivial field theoretical models, including some classes of generalized theories of gravity. In connection with this, it is interesting to investigate the specific physical effects arising in such models due to the interaction of Proca particles with electromagnetic, gravitational and other physical and geometrical fields.
The interaction of spin 1 field with electromagnetic field is known to be free of algebraic inconsistencies as well as of acausal wave propagation (v > c) when the coupling is minimal (or modified by the addition of an anomalous magnetic dipole moment). However, acausal propagation anomalies arise for more general interaction Lagrangians [5] . Similarly, acausal propagation takes place (along with algebraic inconsistencies) for a Proca field coupled minimally to external torsion field [6] . Different aspects of the interaction of classical and quantum vector field with torsion have been analyzed recently in [7] .
Early studies of the gravitational interaction of the Proca field were centered around the black hole issue. Qualitative analysis of the self-consistent Einstein-Proca system revealed the absence of black hole type solutions (possessing a regular horizon) with an external vec-tor meson "hair" [8] [9] [10] . At the same time several exact spherically symmetric solutions of the Proca wave equation on the classical Schwarzschild background spacetime were obtained [11] [12] [13] . Assuming that a massive vector field source was located on a thin spherical shell outside the Schwarzschild horizon, it was demonstrated in [11] that the meson field may change the structure of the spacetime near the central singularity. For point vector field sources located at the origin [12] , or at a finite distance from the origin [13] , it was shown that the range of the meson field is reduced by the metric gravitational field. The energymomentum invariant was found to be divergent on the Schwarzschild horizon. However, it should be noted that, contrary to the Abelian Proca case, the non-Abelian massive vector field (with mass of a Yang-Mills field coming from a spontaneous symmetry breaking mechanism) may form a black hole type configuration [14] . The results of numerical analysis of the spherically symmetric gravitationally interacting complex spin 1 field have been reported recently in [15] . In this case the Einstein-Proca system admits everywhere regular "boson star"-type solutions (cf. with massive scalar boson stars [16, 17] ).
A direct motivation for our current study comes from the metric-affine theory of gravity (MAG). In Einstein's general relativity the spacetime geometry is described by the curvature 2-form R αβ . In MAG two post-Riemannian structures are introduced: the 1-form of nonmetricity Q αβ and the torsion 2-form T α . For a comprehensive review of this theory see [18] . Already the early investigations [19, 20] of the models with the simplest possible MAG Lagrangians, which include only a linear Hilbert term, quadratic segmental curvature invariant, and a single trace torsion or Weyl nonmetricity square term, have shown that an effective Einstein-Proca theory arises naturally from the vacuum MAG field equations (cf. also [12, 21] ). This result was subsequently extended to a very general family of MAG Lagrangians [22] [23] [24] . In all these models the effective Proca field describes the triplet of post-Riemannian one-forms which are proportional to each other: the Weyl covector Q := g αβ Q αβ /4, the torsion trace T := e α ⌋T α , and the nonmetricity one-form Λ := ϑ α e β ⌋Q αβ − Q. The mass of the effective vector particle is constructed from the coupling constants of the MAG Lagrangian.
For a complete review of the known exact solutions of MAG see [25] .
In this paper we study the spherically symmetric static solutions of the coupled EinsteinProca system of field equations. A preliminary analysis of the limiting cases of this problem shows a possibility of solutions which combine the exponential "Yukawa" type behavior of the Proca potential at the origin with the asymptotically Schwarzschild solution far away from the source. We will present the corresponding solutions which have been obtained by the application of numerical integration techniques.
Our main conventions and notation are taken from [18] . In particular, the η-basis of the exterior algebra is constructed from a coframe one-form ϑ α with the help of the Hodge duality operator:
The dual frame is denoted as e α . The Greek indices α, β, . . . = 0, . . . , 3 label anholonomic components, and the metric signature is (−, +, +, +).
II. EINSTEIN-PROCA THEORY
The Lagrangian four-form of the Einstein-Proca system reads
where κ is the gravitational constant (κ = ℓ 2 ) and m is the rest mass of the vector field A.
The corresponding field equations arise from the independent variation of the action with respect to the coframe and the Proca one-forms, and read:
Here the canonical energy-momentum three-form of the massive vector field
represents the usual source of the gravitational field.
It is worthwhile to recall the relationship of (2.1)-(2.3) to the MAG theory. As we have mentioned already, the same physical system arises in MAG as an effective system [19, 20, [22] [23] [24] [25] in which the effective covector Proca field is (in the notations of our previous paper [24] )
Here φ determines the three nontrivial post-Riemannian pieces of nonmetricity and torsion (the triplet of one-forms)
The effective mass m 2 of the vector particle and the constants k 0 , k 1 , k 2 are constructed from the original coupling constants of the MAG Lagrangian which contains all possible quadratic invariants of the torsion and nonmetricity (11 terms) together with the linear Hilbert type term (multiplied by the constant κ) and the Weyl segmental curvature quadratic term (multiplied by the constant z 4 ). See [24] and [25] for more details (note, however, that in the present paper we assume that the cosmological constant is zero).
III. SPHERICALLY SYMMETRIC STATIC CASE
In terms of the local time and space coordinates (τ, r, θ, φ), the general spherically symmetric ansatz for the coframe can be written as
The geometrical meaning of the function g(r) becomes evident when one computes the volume four-form
Thus, g(r) measures the deviation of η from the standard spherically symmetric spacetime volume form. In a regular oriented spacetime domain we naturally have to assume 0 < g(r) < ∞.
The general static spherically symmetric configuration of the coupled Einstein-Proca system is described by the three functions f = f (r), g = g(r), and u = u(r) which enter the spherically symmetric ansatz for the Proca field as follows
Substitution of (3.1)-(3.4) into the Proca field equation (2.2) results in 5) or, equivalently,
A direct calculation of the energy-momentum 3-form yields
For the sake of completeness we also write down the Einstein 3-form
Inserting (3.7) and (3.8) into (2.3) we find (after some algebra) that the equations corresponding to α =0,1 are
Furthermore, it is straightforward to see that the (second order) equation corresponding to α =2,3 is a consequence of (3.9)-(3.10) and (3.6).
The scalar invariant |Σ| := * (Σ α ∧ * Σ α ) characterizes the "magnitude" of the energymomentum of the massive vector field. Using (3.7), we find that
IV. PRELIMINARY ANALYSIS Before we start the study of the complete system it is instructive to recall two particular cases: namely, massless vector particle in curved spacetime and massive vector particle in Minkowski spacetime.
For the massless vector particle
and one finds, from (3.10), that g = g 0 = const. Consequently, the vector field equation can now be easily integrated to give the usual Coulomb solution
[Strictly speaking, the general solution reads u = q + βr, but one can put β = 0 since it contributes only an exact form to A]. Turning to (3.9), we immediately recover the well known Reissner-Nordström solution We expect that a spherically symmetric configuration of coupled Einstein and Proca fields will combine both of the typical features of the above limiting cases. Namely, for small values of mass m there will be a large part of space inside the sphere of radius r 0 = 1/m where the function u is to a high degree of approximation constant. In this region the exact solution will naturally be approximated by (4.2) and the metric will assume the familiar Reissner-Nordström form (4.3). However, due to its massiveness the field A will remain, also in curved spacetime, confined to a finite spatial volume, whereas for r → ∞ one expects a fast decay u → 0 which leaves one with pure Schwarzschild metric.
The following observation will be very useful in the discussion of exact solutions. Multiplying (3.6) by u/g and using the Leibniz rule one finds that
where the right-hand side is positive definite in a regular spacetime region.
Identity (4.5) represents a particular case of the general relation 
V. DIMENSIONLESS SYSTEMS
The general system is nonlinear and apparently cannot be integrated analytically. Consequently, we will present the results of numerical integration in the remainder of this paper.
Before we begin the numerical analysis, we introduce a new dimensionless radial variable
which allows us to rewrite the system (3.9), (3.10), and (3.6) in the form
Here we have introduced a dimensionless constant 5) and defined the functions
Evidently, the dimensionless radial coordinate measures distance from the origin in units of the Planck length (κ = ℓ 2 ). At the same time, the parameter √ K, being the ratio of the Planck length to the Compton length of the vector particle, characterizes the size of the domain where the influence of the Proca field on the spacetime geometry is significant.
One can, alternatively, study a different dimensionless system after defining the scaled metric functions
and introducing a new radial coordinate
The system (5.2)-(5.4) then reads
10) 
VI. CONDITIONS AT THE ORIGIN AND AT INFINITY
Before one can start the numerical integration, an appropriate set of initial conditions must be specified. Unfortunately, the solution cannot be represented by analytic power series expansion for u, F, G at the origin in view of the apparent singularity at ρ = 0.
Instead, one can verify that for small values of ρ, irrespective of the value of K, there is an approximate solution of the form
where q, b, c are parameters which determine the initial conditions in the neighborhood of the origin ρ = 0.
At infinity, ρ → ∞, following the physical discussion in Sect. IV, we expect approximate behavior of the form 
where Ei(x) = We will use the asymptotic conditions (6.4)-(6.6), (6.7) in the numerical analysis of the problem under consideration.
VII. ABSENCE OF SOLUTIONS WITH HORIZONS
In this section we show that the spherically symmetric Einstein-Proca system does not admit asymptotically flat solutions with horizons. The absence of black holes for a massive vector field was first demonstrated by Bekenstein [8] .
Let us consider an arbitrary regular solution u(r) which vanishes at two points r 1 and r 2 > r 1 : u(r 1 ) = u(r 2 ) = 0. Then u(r) = 0 for all r 1 ≤ r ≤ r 2 . Indeed, integrating the identity (4.5) from r 1 to r 2 , one finds that
Since the integrand is positive definite, the vanishing of the integral leads to the above conclusion.
Consequently, a nontrivial solution u(r) which vanishes asymptotically at r 2 = ∞ (thus satisfying the condition (6.4)) cannot have zeros at any finite r 1 (since then the solution would be trivial: u(r) = 0 for r ≥ r 1 ).
This leads to the absence of the black hole type solutions of the system (5.2)-(5.4).
In order to see this, let us recall that a black hole necessarily possesses a horizon. Quite generally, on a spacetime manifold M a horizon is defined as a hypersurface S := {x i ∈ M | σ(x i ) = 0} such that: (i) the normal vector n i := ∂ i σ is null
and (ii) S is not an essential singularity. The latter means that all the curvature invariants as well as the volume 4-form η are nonsingular on the horizon. In particular, the regularity of η follows from the condition (3.3) on the function g.
For a spherically symmetric gravitational field configuration, horizon S is evidently a sphere σ = r = r h . Normal vector is then n i = δ 1 i . Substituting (3.1) into (7.2), one obtains
Since G(r h ) is finite in view of (3.3), we find that F must vanish on the horizon S F (r h ) = 0. . In all cases we put g 0 = 1 which is always possible to achieve by the redefinition of the time coordinate τ → g 0 τ .
As one can see, the relation between K (formal rest mass of the vector field) and M (asymptotic total mass of the solution) plays a decisive role. At the same time, the value of the boson charge q at the origin is also important.
In agreement with the results of Bekenstein et al [8] [9] [10] and with the preliminary analysis of Sect. VII, all the numerical solutions obtained by us are without horizons. They possess a true physical singularity at the origin which provides us with an example of a naked spacetime singularity. Stability of these solutions against small perturbations will be studied separately.
Recalling that the effective Proca field emerges naturally in the general metric-affine models, we thus conclude that the presence of the post-Riemannian geometric objects prevents, in general, a formation of a black hole in MAG theory. Only in the special case when the MAG coupling constants are such that the effective mass vanishes, m 2 = 0, the black holes can be formed [20, 22] . 
